Regarding the entropy of charged and rotating Kerr-Newman black holes also as a function of the volume enclosed by the event horizon, S = S(M, Q, J, V ), we investigate the thermodynamic properties, in particular the stability problem of the system in standard four dimensions. By imposing the physical conditions of Euler homogeneity and a Stefan-Boltzmann radiation like equation of state at the horizon, we show that the thermodynamic volume scales as V ∼ M 5 , in agreement with the Christodoulou-Rovelli definition, and the system is thermally stable under these conditions.
Introduction
Most paradox features of black hole thermodynamics are due to the seemingly convex nature of the entropy function. The Bekenstein-Hawking entropy [1] [2] [3] was originally derived to be proportional to the area of the event horizon, and since the horizon radius of a Schwarzschild black hole is proportional to its mass, the entropy is apparently a convex function with respect to the mass-energy parameter (E ≈ M ). In this case the heat capacity, C, related to the second derivative of the S(E) function via S ′′ (E) = −1/CT 2 , is negative. Furthermore, this result of proportionality to the area violates the extensivity of the entropy function, which property plays an important role in classical thermodymamic theory. By considering a generalized nonadditive entropy definition, a possible solution to the problem was investigated in [4] . Later on, it was also argued that the convexity of the black hole entropy can be removed by a Rényi entropy based consideration [5] [6] [7] .
As an independent direction, the physical volume of a black hole has long been discussed by various authors [8] [9] [10] [11] [12] [13] [14] [15] . More recently, Christodoulou and Rovelli proposed a geometric invariant definition, where the volume of the Schwarzschild back hole is defined as the largest, spherically symmetric, spacelike hypersurface bounded by the event horizon [16] . The corresponding CR-volume can become surprisingly large, it scales as V ∼ M 5 when the thermal property of the Hawking radiation is taken into account. Soon after this definition, the CR approach has been extended to rotating black holes [17, 18] , and it also motivated several authors to calculate the entropy corresponding to a black hole with volume [19] [20] [21] [22] [23] , and investigate the role of the volume in their thermodynamic behavior [24] [25] [26] [27] . These investigations, however, mainly consider the contribution of a hypothetic scalar field, filling the interior volume, to the Bekenstein-Hawking result. The proportionality relations between the entropy of the scalar field in the interior volume of rotating black holes and the Bekenstein-Hawking entropy under the Hawking radiation, generalized by considering the particles with energy, charge and angular momentum was also investigated recently in [28, 29] .
The present approach
In a previous work [30] we have shown that the entropy function of the Schwarzschild black hole is actually concave if we treat it as a function of two variables: the mass-energy parameter M , and the thermodynamic volume V . We started our analysis by constituting a powerlaw equation of state S ∼ M a V b , and contrasted this with the requirement that the temperature (calculated from the thermodynamical derivative of S) be equal to the Hawking temperature [3] , which is a physical and measurable quantity once we will be able to perform the measurement of observing the Hawking radiation from black holes. The above scaling in the S(M, V ) equation of state produces the following stability expression 
The expression in the square bracket above is of second order and its discriminant is D = 4ab(a + b − 1). The first order Euler-homogeneity of the entropy function is achieved when we set the condition a + b = 1. Due to this condition the discriminant vanishes causing coinciding roots ω 1 = ω 2 = ω 0 , and the stability expression becomes
Now the criterion for stability d 2 S < 0 is fulfilled for 0 < b < 1 with Euler-homogeneity, leading also to 0 < a < 1. In addition to Euler-homogeneity, the inclusion of the 3-dimensional radiation formula brings only one possible solution, a = 3/4 and b = 1/4, from which V (M ) ∼ M 5 follows. Figure 1 is a plot of the entropy S as a function of M and V . The entropy surface is everywhere convex upward. The volume-mass relation V ∼ M 5 specifies a certain path (blue curve) on this plot. Along this path, the thermodynamics is stable, at any point the surface curvature is positive. However the projection of this path on a plane of constant V (red curve, plotted for V = 0) becomes convex downward and the thermodynamics is unstable on this projection, due to a negative specific heat of the projected entropy.
In this letter, we extend our result on the simplest Schwarzschild case [30] , to more general, charged and rotating black holes. The thermodynamic stability problem of the Kerr-Newman black hole is more complicated than the Schwarzschild case because the convexity/concavity of the entropy depends on further thermodynamic parameters. For example, there is a discontinuity of specific heat at constant angular momentum of the Kerr black hole, where the sign of the specific heat changes. Davies claimed [31] that this discontinuity is an evidence of a certain type of phase transition for rotating black holes. Later on however, by using the Poincaré turning point method [32] , the stability change of the Kerr black hole was analyzed and it was shown that the argument by Davies is insufficient to ascertain such a phase transition [33] . A different, zeroth law compatible approach to Kerr black hole thermodynamics applying also the Poincaré method was presented by two of us in [34] . As for the present problem, a part of the Kerr-Newman black hole shows similar thermodynamic behavior to the Schwarzschild case since its entropy seems to be convex downward. Therefore, it is worth to formulate the thermodynamics of the Kerr-Newman black hole including the volume term as well.
The organization of this letter is as follows. In section 3, we formulate the volume dependent entropy picture for Kerr-Newman black holes in a similar fashion as we studied the Schwarzschild problem, and we derive several thermodynamic variables from the entropy function. In section 4, we present some discussion of our findings, and summarize the obtained results.
Formulation
With the angular momentum J and the electric charge Q, the entropy of the Kerr-Newman black hole is given by
with µ 1 = Q/M , µ 2 = J/M 2 and
It is known that the black hole entropy is a generalized homogeneous function [35] which scales as
From (6), we can deduce the Smarr relation [36] of the black hole,
where T BH , Φ and Ω are the Bekenstein-Hawking temperature, the electric potential at the horizon, and the angular velocity of the horizon, respectively.
Here we review the derivation of (7) from (4). The logarithmic differential of (4) is
where σ ,i = ∂σ ∂µi . By using the logarithmic derivatives,
and
(8) can be rewritten as
(11) From here we read off the intensive variables as coefficients in the expression for dS BH :
One can easily confirm that the Smarr relation (7) follows from these equations. After this review of the traditional approach we extend the Bekenstein-Hawking entropy of a Kerr-Newman black hole to the volume dependent version. We assume that this entropy contains general powers of mass M and volume V in the form of,
Obviously, κ(µ 1 , µ 2 ) must differ from σ(µ 1 , µ 2 ). The scaling relation of this entropy function, λ a+b S(M, V, Q, J) = S(λM, λV, λQ, λ 2 J),
generates the following Smarr-like relation:
The logarithmic differential of (15) is now given by
Inserting dµ 1 and dµ 2 from (9) and (10), we obtain
From this result, one easily extracts the temperature T , the pressure p, the electromagnetic potential Φ, and the angular velocity Ω, as follows
−
One can verify that the extended Smarr relation (17) is deduced from the above relations.
In what follows we derive expressions for the volume V and the pressure p in the thermodynamic system constructed by the above entropy function S(M, V, Q, J). First we assume that the temperature T is equal to the Bekenstein-Hawking temperature T BH :
(24) Next we equate the other intensive variables Φ and Ω of both systems and obtain the following relations,
A simple consequence of these three equations is the proportionality of the entropy functions,
Substituting this result into (25) and (26), we obtain the differential equation
where i = 1, 2. The solution to this equation is
where κ 0 is a constant. This result leads us to the following expression of the volume,
As a result, we conclude that the thermodynamic volume is proportional to M 2−a b . The corresponding expression for the pressure is then obtained as,
where we use
It is clear that both the pressure and the temperature vanish in the limit of an extremal Kerr-Newman black hole. Previously we have shown that, in the Schwarzschild case, only one possible solution, a = 3 4 and b = 1 4 emerges assuming Euler-homogeneity, a + b = 1, of the entropy and a Stefan-Boltzmann radiation like equation of state in 3 spatial dimensions, b = a/3. In this case, the scaling of thermodynamic volume is V ∼ M 5 , in accordance with the Christodoulou-Rovelli volume. In the present Kerr-Newman case, the Schwarzschild limit is achieved for µ 1 = µ 2 = 0. So it is natural to demand that the volume dependent entropy of the Kerr-Newman black hole has the same scaling powers as the Schwarzschild one. As a result, the scaling of the entropy occurs as λS(M, V, Q, J) = S(λM, λV, λQ, λ 2 J), (33) and the proportionality relation between the entropy funcions becomes,
The thermodynamic volume is proportional to M 5 , just as in the Schwarzschild limit. The general expression for the Kerr-Newman horizon pressure has then its maximum at one third of the energy density M/V :
Discussion and summary
We have shown that the thermodynamic volume V , of a Kerr-Newman black hole is proportional to the power of mass energy M with the power index (2−a)/b. The scaling becomes V ∼ M 5 when the static black hole limit corresponds to the one derived from the assumptions of the 1st order Euler homogeneity and the Stefan-Boltzmann radiation like equation of state at the horizon. It is very interesting to mention that by requiring that the loss in the internal mass energy and the mechanical work show the same scaling, dM ∼ pdV , the Hawking radiation pressure, p ∼ T 4 ∼ M −4 , leads directly to dM ∼ M −4 dV , from which V (M ) ∼ M 5 trivially follows. On the other hand inspecting the energy loss by the Hawking radiation through a surface of A ∼ M 2 one obtains dM ∼ AT 4 dt ∼ M −2 dt and due to this dV ∼ Adt ∼ M 4 dM , which leads to the same result. For the Schwarzschild black hole, this volume scaling agrees with the estimation from the CR-volume considering the black hole evaporation by Hawking radiation. For the axially symmetric black hole, it is difficult to calculate the interior volume based on the method proposed by Christodoulou and Rovelli because the largest spacelike hypersurface, filling the region behind the horizon, cannot be found easily. Some authors have given only approximate evaluations of Kerr and Kerr-Newman black holes [17, 18] . Also, while there are qualitative investigations about the Hawking radiation with angular momentum [28, 29] , there is an ambiguity in the evaporation process of rotating black holes because we do not know how much angular momentum can be emitted. This also must depend on the polarization of the radiation. Therefore, it is difficult to say anything about the relation between the volume scaling obtained here and the CR-volume of rotating and possibly charged black holes.
In summary, in this letter we have extended the volume dependent entropy of a Schwarzschild black hole to an axially symmetric rotating and charged black hole. With the assumption that the entropy depends on the power of volume, we have derived the expressions for the volume and the pressure in the thermodynamic system constructed. It has been demonstrated and supported by physical arguments, that the thermodynamic volume is proportional to the fifth power of the mass-energy parameter, and the derived pressure is proportional to the energy density, i.e. M/V .
We have pointed out that the thermodynamic stability of such horizons requires a sublinear volume dependence whenever Euler-homogeneity (thermodynamical extensivity) is cared for. The special value b = 1/4 emerges from the 3D isotropic radiation pressure, although it is a valid question how accurate this assumption can be in an axially symmetric system. With this assumption however, the scaling of the volume becomes V ∼ M 5 , just like in the static case, and agrees with the CR-volume scaling. While the CR-volume scaling has not yet been known for the axially symmetric case, we expect that the extensivity of the entropy function is governed solely by the volume and the total mass-energy dependence. As long as a + b = 1 is fulfilled, the rest depends only on the specific ratios, like J/M 2 and Q/M . The stability depends on the same factors as it does in the Schwarzschild case.
As for the Euler-homogeneity of the entropy, the extended entropy seems to be still a generalized homogeneous function, just like the nonextended one. Even so, it may be possible to argue that the volume dependent entropy is a 1st order Euler homogeneous function if we consider the finite angular momentum case. If so, even the general black hole is thermally stable within this approach.
